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Abstract. We report about an analytic study involving the intermediate wave packet formalism for quanti-
fying the physically relevant information which appears in the neutrino two-flavor conversion formula and
helping us to obtain more precise limits and ranges for neutrino flavor oscillation. By following the sequence
of analytic approximations where we assume a strictly peaked momentum distribution and consider the
second-order corrections in a power series expansion of the energy, we point out a residual time-dependent
phase which, coupled with the spreading/slippage effects, can subtly modify the neutrino-oscillation param-
eters and limits. Such second-order effects are usually ignored in the relativistic wave packet treatment, but
they present an evident dependence on the propagation regime so that some small modifications to the os-
cillation pattern, even in the ultra-relativistic limit, can be quantified. These modifications are implemented
in the confrontation with the neutrino-oscillation parameter range (mass-squared difference ∆m2 and the
mixing angle θ) where we assume the same wave packet parameters previously noticed in the literature in
a kind of toy model for some reactor experiments. Generically speaking, our analysis parallels the recent
experimental purposes which are concerned with higher precision parameter measurements. To summarize,
we show that the effectiveness of a more accurate determination of ∆m2 and θ depends on the wave packet
width a and on the averaged propagating energy flux Ē which still correspond to open variables for some
classes of experiments.

PACS. 02.30.Mv; 03.65.Pm; 14.60.Pq

1 Introduction

In the last years, the quantum mechanics of neutrino oscil-
lations [1–3] has experienced much progress on the theor-
etical front [4], not only in the phenomenological pursuit
of a more refined flavor conversion formula [5–7], but also
in efforts to give the theory a formal structure within the
quantum field formalism [8–10]. From the point of view of
a first quantized theory and in the context of vacuum os-
cillations, as a first analysis, the probability that neutrinos
originally created as a να flavor-eigenstate with averaged
energy Ē oscillates into a νβ flavor-eigenstate over a dis-
tance L is given by

P (να→ νβ ;L) = sin
2 (2θ) sin2

[
∆m2ijL

4Ē

]
(c, h̄= 1),

(1)

a e-mail: alexeb@ifi.unicamp.br
b e-mail: guzzo@ifi.unicamp.br
c e-mail: ftorres@ifi.unicamp.br

where we have assumed that the main aspects of the os-
cillation phenomena can be understood by studying the
simple-minded two-flavor problem constructed in terms of
the ν1(x) and ν2(x) plane-wave mass-eigenstates with the
two-flavor mixing angle represented by θ and the mass-
squared difference given by ∆m2ij . As pointed out by the
Groom PDG review [11], although this equation is fre-
quently quoted and used in Monte Carlo calculations, the
wave function is badly behaved for reasons of being larger
than about one, where it oscillates more and more rapidly
in the interval between sin (2θ) = 0 and sin (2θ) = 〈P 〉 as

the argument
∆m2ijL

4Ē
increases. Moreover, it is difficult to

relate this function to the exclusion curves described in the
literature [11].
In fact, the intermediate wave packet (WP) ap-

proach [12] eliminates the most controversial points ris-
ing with the standard plane-wave (PW) formalism [13, 14],
since wave packets describing propagating mass-eigen-
states guarantee the existence of a coherence length [12],
avoid the ambiguous approximations in the PW derivation
of the phase difference [15] and, under particular con-
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ditions of minimal slippage between the mass-eigenstate
wave packets, recover the oscillation probability given
by the standard PW treatment1. Constrained by a re-
stricted motivation, we avoid a more extensive discussion
of several controversial aspects concerned with the in-
termediate WP formalism (see for instance [4, 17] which
work on the external WP framework) and, quite gener-
ally, we follow an analytical approach where the mass-
eigenstate time evolution is not concerned with the WP
limitations. As a preliminary investigation we consider
gaussian wave packets [5, 9, 12], which, as we know, are
unique in enabling us to analytically quantify the first-
and the second-order corrections to the flavor conversion
formulas. By means of the second-order terms we can com-
pute the effects of an extra time-dependent phase which

is added to the standard oscillation term ∆m2t
2Ē

[14] and

modifies the oscillating character of the propagating par-
ticles. Generically speaking, we avoid more sophisticated
methods like field-theoretical prescriptions [4, 18] detri-
mental to a clearer treatment which commonly simplifies
the understanding of physical aspects going with the oscil-
lation phenomena.
Reporting on such an analytical construction [19], we

look for improving the procedure for obtaining the two-
flavor oscillation parameter exclusion region boundary for
a generic class of oscillation experiments. In fact, precise
determination of the oscillation parameters and search
for non-standard physics such as a small admixture of
a sterile component in the solar neutrino flux are still
of interest. In addition, from the experimental point of
view, to determine ∆m2 more precisely, further Kam-
LAND exposure to the reactor neutrinos is becoming
most powerful [20, 21] at the same time that more pre-
cise neutral current measurements by SNO can contribute
to reducing the uncertainty of the mixing angle [21, 22].
Knowing that the emergence of neutrino physics is fu-
eled by such a recent growth in quality and quantity of
experimental data, our main purpose is discussing how
much the determination of mixing parameters and mass
differences can be improved in the context of the wave
packet phenomenological analysis and, eventually, to sug-
gest a perspective of improvement on the bounds on θ13
before experiments designed specifically for this parame-
ter start. The first step of our study, which is presented
in Sect. 2, is concerned with the analytical derivation of

1 Strictly speaking, the intermediate WP formalism can also
be refuted since oscillating neutrinos are neither prepared nor
observed [4] in this case. Some authors suggest the calcula-
tion of the transition probability between the observable par-
ticles involved in the production and detection process in the
so-called external WP approach [4, 9, 16]: the oscillating par-
ticle, described as an internal line of a Feynman diagram by
a relativistic mixed scalar propagator, propagates between the
source and target (external) particles represented by wave
packets. It can be demonstrated [4], however, that the over-
lap function of the incoming and outgoing wave packets in the
external WP model is mathematically equivalent to the wave
function of the propagating mass-eigenstate in the intermediate
WP formalism.

a flavor conversion formula where a gaussian momentum
distribution and a power series expansion of the energy
up to second-order terms are introduced for obtaining
analytically integrable probabilities. Adopting a strictly
peaked momentum distribution to construct each mass-
eigenstate wave packet allows us to analytically quantify
these occurring second-order corrections. Firstly, we re-
produce the localization effects described in terms of the
well-known wave packet spreading and of the slippage
between the wave packets, which leads to decoherence
between the propagating mass-eigenstates. In particu-
lar, it is well established that the decoherence effect has
a correspondence with an oscillation damping (exponen-
tial) factor [12, 23]; thus we just report about such ef-
fects to show that both of them can be quantified, up
to second-order corrections, in the non-relativistic (NR)
and ultra-relativistic (UR) propagation regimes. In par-
allel, we also recover an additional time-dependent phase
which changes the standard oscillating character of the fla-
vor conversion formula. However, the main contribution
of our study, which is presented in Sect. 3, concerns un-
derstanding of the physical aspects carried by neutrino
two-flavor oscillation parameters and limits. In particu-
lar, we suggest the existence of more precise corrections in
the procedure [11] where the wave packet characteristics
are used for describing the mass-squared difference ∆m2

and the mixing angle θ, which are constrained by the ex-
perimental input parameters. In Sect. 4, as we assume
the same testing wave packet parameters previously in-
troduced in the literature [11] (for some reactor experi-
ments), we can establish a phenomenological comparison
which allows us to confront the energy second-order cor-
rections introduced in the previous sections with the pre-
dicted PW and WP with first-order correction results. We
also observe the possibilities for extending the analysis
to other production-type neutrinos (solar and supernova).
Finally, we draw our conclusions in Sect. 5 by emphasiz-
ing that the effectiveness of a more accurate determin-
ation of ∆m2 and θ can eventually depend on the wave
packet width a and on the averaged propagating energy
flux Ē.

2 Wave packets
with second-order corrections

The time evolution of flavor wave packets can be described
by the state vector

Φ(z, t) = φ1(z, t) cos θν1+φ2(z, t) sin θν2

=
[
φ1(z, t) cos

2 θ+φ2(z, t) sin
2 θ
]
να

+[φ2(z, t)−φ1(z, t)] cos θ sin θνβ
= φα(z, t; θ)να+φβ(z, t; θ)νβ , (2)

with flavor and mass-eigenstate indices as previously de-
fined. The probability of finding a flavor state νβ at the
instant t is equal to the integrated squared modulus of
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the νβ coefficient:

P (να→ νβ ; t) =

∫ +∞
−∞

dz |φβ(z, t; θ)|
2

=
sin2 (2θ)

2
{1− INT(t)} , (3)

where INT(t) represents the mass-eigenstate interference
term given by

INT(t) = Re

[∫ +∞
−∞

dzφ†1(z, t)φ2(z, t)

]
. (4)

Let us consider mass-eigenstate wave packets given by

φi(z, 0) =

(
2

πa2

) 1
4

exp

[
−
z2

a2

]
exp [ipiz] , (5)

at time t= 0, where i= 1, 2. The wave functions which de-
scribe their time evolution are

φi(z, t) =

∫ +∞
−∞

dpz
2π
ϕ(pz−pi) exp

[
−iE(i)pz t+ipzz

]
, (6)

where E
(i)
pz =

(
p2z+m

2
i

) 1
2 and ϕ(pz − pi) =

(
2πa2

) 1
4

× exp
[
− (pz−pi)

2a2

4

]
. In order to obtain the oscillation

probability, we can calculate the interference term INT(t)
by solving the following integral:∫ +∞
−∞

dpz
2π
ϕ(pz−p1)ϕ(pz−p2) exp [−i∆Epz t]

= exp

[
−(a∆p)2

8

]∫ +∞
−∞

Dpz

2π
ϕ2(pz−p0) exp [−i∆Epz t] ,

(7)

where we have changed the z-integration into a pz-integra-
tion and introduced the quantities ∆p = p1− p2, p0 =
1
2 (p1+ p2) and ∆Epz = E

(1)
pz −E

(2)
pz . The oscillation term

is bounded by the exponential function of a∆p at any in-
stant of time. Under this condition we could never observe
a pure flavor-eigenstate. Besides, oscillations are consid-
erably suppressed if a∆p > 1. A necessary condition to
observe oscillations is that a∆p� 1. This constraint can
also be expressed by δp�∆p where δp is the momentum
uncertainty of the particle. The overlap between the mo-
mentum distributions is indeed relevant only for δp�∆p.
Strictly speaking, we are assuming that the oscillation

length (π 4Ē
∆m2

ij

) is sufficiently larger than the wave packet

width which simply says that the wave packet must not
extend as wide as the oscillation length, otherwise the os-
cillations are washed out [12, 18, 24].
Turning back to (7), without loss of generality, we can

assume

INT(t) = Re

{∫ +∞
−∞

dpz
2π
ϕ2(pz−p0) exp [−i∆Epz t]

}
.

(8)

In the literature, this equation is often obtained by as-
suming two mass-eigenstate wave packets described by the
same momentum distribution centered around the aver-
age momentum p̄ = p0. This simplifying hypothesis also
guarantees the instantaneous creation of a pure flavor-
eigenstate να at t= 0 [15]. In fact, for φ1(z, 0) = φ2(z, 0) we
get from (2)

φα(z, 0, θ) =

(
2

πa2

) 1
4

exp

[
−
z2

a2

]
exp [ip0z]

and φβ(z, 0, θ) = 0. In order to obtain an expression
for φi(z, t) by analytically solving the integral in (6) we

firstly rewrite the energy E
(i)
pz as

E(i)pz =Ei

[
1+
p2z−p

2
0

E2i

] 1
2

=Ei [1+σi (σi+2vi)]
1
2 , (9)

where Ei = (m
2
i +p

2
0)
1
2 , vi =

p0
Ei
and σi =

pz−p0
Ei
.

We are attentive to the fact that the assumption of
wave packets with gaussian shape can introduce some
(not quantifiable) limitations to the interpretation of the
following results. However, in this kind of analysis and,
for instance, in non-relativistic quantum mechanics, free-
propagating gaussian wave packets are frequently assumed
because the calculations can be carried out exactly for
these particular functions and, consequently, the main
physical aspects can be easily interpreted from the final
analytically obtained expressions. The reason lies in the
fact that the frequency components of the mass-eigenstate

wave packets, E
(i)
pz = p

2
z/2mi, modify the momentum dis-

tribution into a “generalized” gaussian one, easily inte-
grated by the well-knownmethods of analysis. The term p2z
in E

(i)
pz is then responsible for the variation in time of the

width of the mass-eigenstate wave packets, the so-called
spreading phenomenon. In relativistic quantum mechan-
ics the frequency components of the mass-eigenstate wave

packets,E
(i)
pz =

√
p2z+m

2
i , do not permit an immediate an-

alytic integration. This difficulty, however, may be reme-
died by assuming a sharply peaked momentum distribu-
tion, i.e. (aEi)

−1 ∼ σi� 1. Meanwhile, the integral in (6)
can be analytically solved only if we consider terms up to
order σ2i in the series expansion. In this case, we can con-
veniently truncate the power series:

E(i)pz =Ei

[
1+σivi+

σ2i
2

(
1− v2i

)]
+O(σ3i )

≈Ei+p0σi+
m2i
2Ei
σ2i (10)

and get an analytic expression for the oscillation probabil-
ity. The zeroth-order term in the previous expansion, Ei,
gives the standard plane-wave oscillation phase. The first-
order term, p0σi, is responsible for the slippage between the
mass-eigenstate wave packets due to their different group
velocities. It represents a linear correction to the stan-
dard oscillation phase [15]. Finally, the second-order term,
m2i
2Ei
σ2i , which is a (quadratic) secondary correctionwill give
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the well-known spreading effects in the time propagation
of the wave packet and will be also responsible for an ad-
ditional phase to be computed in the final calculation. In
case of gaussian momentum distributions, all these terms
can be analytically quantified. By substituting (10) in (6)
and changing the pz-integration into a σi-integration, we
obtain the explicit form of the mass-eigenstate wave packet
time evolution:

φi(z, t) =

[
2

πa2i (t)

] 1
4

exp [−i(θi(t, z)+Eit−p0z)]

× exp

[
−
(z− vit)2

a2i (t)

]
, (11)

where

θi(t, z) =

{
1

2
arctan

[
2m2i t

a2E3i

]
−
2m2i t

a2E3i

(z− vit)2

a2i (t)

}

and

ai(t) = a

(
1+
4m4i
a4E6i

t2
) 1
2

.

The time-dependent quantities ai(t) and θi(t, z) contain
all the physically significant information which arises from
the second-order term in the power series expansion (10).
By solving the integral (8) with the approximation (9) and
performing some mathematical manipulations, we obtain

INT(t) = BND(t)OSC(t) , (12)

where we have factored the time-vanishing bound of the
interference term given by

BND(t) =
[
1+SP2(t)

]− 14 exp
[
−

(∆vt)2

2a2
[
1+SP2(t)

]
]
(13)

and the time-oscillating character of the flavor conversion
formula given by

OSC(t) = Re {exp [−i∆Et− iΘ(t)]}

= cos [∆Et+Θ(t)] , (14)

where

SP(t) =
t

a2
∆

(
m2

E3

)
= �
∆vt

a2p0
(15)

and

Θ(t) =

[
1

2
arctan [SP(t)]−

a2p20
2�2

SP3(t)[
1+SP2(t)

]
]
, (16)

with � = 1−
[
3+
(
∆E
Ē

)2] p20
Ē2
, ∆E = E(1)−E(2) and Ē =

√
E1E2. The time-dependent quantities SP(t) and Θ(t)
carry the second-order corrections and, consequently, the
spreading effect to the oscillation probability formula.
If ∆E � Ē, the parameter � is limited by the inter-

val [1,−2], and it assumes the zero value when
p20
Ē2
≈ 1
3 .

Therefore, by considering increasing values of p0, from
the NR to UR propagation regimes, and fixing ∆E

a2Ē2
, the

time derivatives of SP(t) and Θ(t) have their signals in-

verted when
p20
Ē2
reaches the value 13 . The slippage between

the mass-eigenstate wave packets is quantified by the van-
ishing behavior of BND(t). In order to compare BND(t)
with the corresponding function without the second-order
corrections (without spreading),

BNDWS(t) = exp

[
−
(∆vt)2

2a2

]
, (17)

we substitute SP(t) given by the expression (14) in (13)
and we obtain the ratio

BND(t)

BNDWS
(t) =

[
1+�2

(
∆Et

a2Ē2

)2]− 14

× exp

⎡
⎢⎢⎢⎢⎣

�2p20 (∆Et)
4

2a6Ē8

[
1+�2

(
∆Et

a2Ē2

)2]
⎤
⎥⎥⎥⎥⎦ .

(18)

The NR limit is obtained by setting �2 = 1 and p0 = 0
in (17)). In the same way, the UR limit is obtained by set-
ting �2 = 4 and p0 = Ē. In fact, the minimal influence due

to second-order corrections occurs when
p20
Ē2
≈ 13 (�≈ 0).

The oscillating function OSC(t) of the interference
term INT(t) differs from the standard oscillating term,

Fig. 1. The time-behavior of OSC(t) compared with the stan-
dard plane-wave oscillation given by cos[∆Et] for different
propagation regimes. The additional phase Θ(t) changes the os-
cillating character after some time of propagation. The minimal

deviation occurs for
p20
Ē2
≈ 13 which is represented by a solid line

superposed on the plane-wave case. We have used aĒ = 10 for
this plot, which was taken from [7]



A.E. Bernardini et al.: Second-order corrections to neutrino two-flavor oscillation parameters in the wave packet approach 617

Fig. 2. We plot the behavior of the corrected phase ∆Φ(t) =
∆Et+Θ(t) for different propagation regimes, and we observe
that the values assumed by Θ(t) are effective only when the
interference boundary function BND(t) does not vanish. By di-
minishing the value of the wave packet parameter aĒ (we also
have used aĒ = 10 for this plot) the amortizing behavior is
attenuated and the range of modifications introduced by the
additional phase Θ(t) increases. This plot was taken from [7]

cos [∆Et], by the presence of the additional phase Θ(t)
which is essentially a second-order correction. The modi-
fications introduced by the additional phase Θ(t) are dis-
cussed in Fig. 1 where we have compared the time behavior
of OSC(t) with cos [∆Et] for different propagation regimes.
The effective bound value assumed by Θ(t) is determined
by the vanishing behavior of BND(t). To illustrate this
flavor oscillation behavior, we plot both the curves rep-
resenting BND(t) and Θ(t) in Fig. 2. (Both figures are
obtained from [7].) We note the phase slowly changing in
the NR regime. The modulus of the phase |Θ(t)| rapidly

reaches its upper limit when
p20
Ē2
> 1
3 and, after a certain

time, it continues to evolve approximately linearly in time.

Fig. 3. The time-dependence of the flavor conversion proba-
bility obtained with the introduction of second-order correc-
tions in the series expansion of the energy for a strictly peaked
momentum distribution (O(σ3i )). By comparing with the PW
predictions, depending on the propagation regime, the ad-
ditional time-dependent phase ∆Φ(t) ≡∆Et+Θ(t) produces
a delay/advance in the local maxima of flavor detection. Phe-
nomenologically, we shall demonstrate that such modifications
allow us to quantify small corrections to the averaged values of
neutrino oscillation parameters, i.e. the mixing-angle and the
mass-squared difference. Essentially, it depends on the prod-
uct of the wave packet width a by the averaged energy Ē. Here
again we have used aĒ = 10

Essentially, the oscillations vanishes rapidly. By super-
posing the effects of BND(t) in Fig. 2 and the oscillating
character OSC(t) expressed in Fig. 1, we immediately ob-
tain the flavor oscillation probability which is explicitly
given by

P (να→ νβ ; t)≈
sin2 (2θ)

2

{
1−
[
1+SP2(t)

]− 14
× exp

[
−

(∆vt)2

2a2
[
1+SP2(t)

]
]
cos [∆Et+Θ(t)]

}

(19)

and illustrated in Fig. 3. Obviously, the larger is the value
of aĒ, the smaller are the wave packet effects.

3 Understanding two-flavor oscillation
parameters and limits

As earlier extensively discussed in the litera-
ture [4, 5, 12, 16], there are various restrictive conditions
under which the two-neutrino mixing approximation is
valid and the standard PW as well as several classes of
WP treatment can be utilized for describing the flavor con-
version phenomena. Respecting such limitations, in the
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previous section we have quantified the second-order cor-
rections introduced by an intermediate WP analysis. Now
we are in position to verify how such modifications can
affect the reading of the neutrino-oscillation parameter
ranges excluded by the confrontation with the experimen-
tal data. Therefore, our effective purpose is contrasting
the standard PW treatment with the WP analytic study
presented in the previous section by re-obtaining the two-
flavor neutrino-oscillation parameters and limits in a very
particular phenomenological context.
From a practical point of view, we have to establish

the input experimental parameters as being the detection
distance L0 (from the source), the neutrino energy distri-
bution Ē and the appearance (disappearance) probabil-
ity 〈P 〉. In addition, to make clear the initial proposition, it
is instructive to redefine some parameters which shall carry
the main physical information in the oscillation formula,
i.e.

b0 =
1

2υ

L0

E1+E2
, δb =

b0

aĒ
and υ =

p0

Ē
, (20)

with Ē previously defined. For real experiments, Ē and L0
can have some spread due to various effects, but in a sub-
set of these experiments there is a well-defined value of b0
about which the events are distributed [11]. Following the
same approach we have adopted while we were analyzing
the parameter � in (15), if ∆E� Ē, which is perfectly ac-
ceptable from the experimental point of view, we can write
Ē =

√
E1E2 ≈

1
2 (E1+E2) so that an effective PW flavor

conversion formula can be obtained from (1) as follows:

〈P 〉PW ≡ P (να→ νβ ; b0) =
sin2 (2θ)

2

{
1− cos [2b0∆m

2]
}
,

(21)

where b0 carries the dependence on the detection dis-
tance L0 and on the propagation regime (υ). Perform-
ing some analogous substitutions, the interference terms
of (12) which explicitly appears in the WP flavor conver-
sion formula of (19) can be read in terms of the above
rewritten parameters:

BND(b0) =
[
1+SP2(b0)

]− 14 exp [−2δ2bυ2(∆m2)2
1+SP2(b0)

]
,

(22)

and

OSC(b0) = cos
[
2b0∆m

2+Θ(b0)
]
, (23)

where

SP(b0) =−�
δ2b
b0
∆m2 (24)

and

Θ(b0) =

[
1

2
arctan [SP(b0)]−

b20υ
2

2δ2b�
2

SP3(b0)[
1+SP2(b0)

]
]
,

(25)

with �≈ 1−3υ2. Attempting the rate σ = δb/b0 = (aĒ)−1

which carries the relevant information concerning the wave
packet width and the averaged energy flux, if it is was suf-
ficiently small (σ� 1) so that we could ignore the second-
order corrections of (9), the probability with only the lead-
ing terms could read

〈P 〉WP1 =

sin2 (2θ)

2

{
1− cos [2b0∆m

2] exp
[
−2(δbυ∆m

2)2
]}
,

(26)

which brings up the idea of a coherence length Lcoh ∼
aĒ2

∆m2ij
[4, 23] and, in the particular case of an UR propa-

gation (υ = 1), is taken as a reference in the confrontation
with the experimental data [11]. By the way, despite the
relevant dependence on the propagation regime (υ), once
we are interested in some realistic physical situations, the
following analysis will be limited to the UR propagation
regime corresponding to the effective neutrino energy of
the current flavor oscillation experiments.
Strictly speaking, most results in the neutrino mix-

ing listings are presented as ∆m2 limits (or ranges) for
sin2(2θ) = 1, and sin2(2θ) limits (or ranges) for large
∆m2. Together, they summarize most of the informa-
tion contained in the usual ∆m2× sin2(2θ) plots which
provide the parameter exclusion region boundary in the
experiments’ papers. Thus, we can compare the PW and
WP resolutions by enumerating some relevant aspects
which can be observed from the curve ∆m2× sin2 (2θ) in
Fig. 5 where the Palo Verde [25] and the KamLAND [26]
experiments/exclusion curves are represented. For the
moment, we are interested in the analytical character-
istics of such exclusion curves, which, however, we turn
to analyze under the phenomenological point of view
in Sect. 4. The main aspects to be quantified are as
follows.

1. In both the PW and the WP case, for large ∆m2 the
fast oscillations are completely washed out respectively
by the plane-wave resolution or by the smearing out
behavior due to the mass-eigenstate wave packet deco-
herence. Consequently sin2 (2θ) = 2〈P 〉 in this limit.

2. For PW calculations the maximum excursion of the
curve to the left occurs at ∆m2 = π/2b0 when sin

2 (2θ) =
〈P 〉. When the WP (26) is used, such a maximal point
occurs at the solution of the transcendental equation
−2σ2∆m2b0 = tan [2∆m2b0], which can be approxi-
mately given by ∆m2 ≈ π/2b0

(
1+O(σ2)

)
; but we

know that the second-order terms (σ2) are not being
considered. If we had taken into account the second-
order corrections in the WP analysis, the maximal
value would have been accurately given by ∆m2 ≈
π/2b0

(
1+2σ2+O(σ4)

)
, and, consequently, a little

smaller value than the PW solution.
3. By qualitatively assuming the well-established phe-
nomenological constraints which set ∆m2 � 1 eV2

when sin2(2θ) ≈ 1, we can reconstruct the nearly
straight-line segment at the bottom of the curve by
expanding the probability expressions up to order
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Fig. 4. Neutrino oscillation parameter ranges excluded by two
experiments: the Palo Verde reactor disappearance experiment
(BOEHM 01) and the positive signal from the KamLAND col-
laboration (EGUCHI 03). We process the input parameters by
following the WP treatment with first and second-order correc-
tions (WP1 andWP2) where we have assumed the wave packet
parameter σ ∼ 0.342 which leads to a 10% correction to the
value of ∆m2 obtained with the PW approximation. In order
to compare the results obtained with the WP approach with
the PW prediction for the maximum excursion of the curve to
the left, which corresponds to an important phenomenological
boundary region, we have plotted the PW curve (dotted line)
only for the smaller values of ∆m2 (since it has to be averaged
on the energy for larger values). The parameter ranges simul-
taneously allowed by both experiments are represented by the
not filled area. The second-order corrections introduce accurate
modifications to the oscillation parameter ranges. The nearer σ
is to 1, the more relevant is the contribution due to higher-order
terms in (10) for determining such accurate limits

O((∆m2)2) so that we can obtain the generic solution

∆m2 ≈

√
〈P 〉App

b0 sin (2θ)
√
FApp(σ)

, (27)

where we haveFPW(σ) = 1 for the PW limit, FWP1(σ) =
1+σ2 for theWP treatment with first-order corrections
and FWP2(σ) = 1+2σ

2+ 34σ
4 for the WP treatment

with second-order corrections. Eventually, if one had
abandoned the analytic calculations and had taken into
account higher-order terms in the power series expan-
sion of (10), there would have been some minor correc-
tions to the σ4 term in FWP2. We discard such minor
corrections by assuming FWP2(σ) ≈ 1+2σ2 which, in
fact, is the correct approximationwhen we are consider-
ing the energy expansion up to second-order terms and
sufficient for comparing the approximations in Fig. 4.
We emphasize that we must consider the second-order
term in the series expansion in (10), since the modifi-
cations emerge with σ2. As a testing case, we consider
the toy model presented in [11] where the values of
σ = 0.23 and σ = 0.3 are used for plotting the curve
∆m2× sin2 (2θ). From an immediate analysis of (27)

with WP2 approximation we can conclude that more
accurate values of ∆m2 are constricted to be dimin-
ished by approximately 8% of the value computed with
the PW approximation.

Quite generally, the complete analysis of the amorti-
zation coupled to the oscillating character depends upon
the experimental features such as the size of the source,
which allows us to estimate the wave packet width (a),
the neutrino energy distribution (Ē) and the detector reso-
lution (L0). Anyway, the main point to be considered is
that the characterization of the wave packed (a) implicitly
described by σ, which is accompanied by the precise de-
termination of the neutrino energy distribution (Ē), plays
a fundamental role when the neutrino-oscillation param-
eter and limit accuracy is the subject of the phenomeno-
logical analysis. To clarify this point, in addition to the
information interpreted from Fig. 4, in the next section
we turn back to the phenomenological discussion on Fig. 5
which illustrates one simple case of parameter determin-
ation for reactor neutrinos by considering the results from
some disappearance experiments [25, 26].

4 Phenomenological constraints to reactor
experiments – Extension to solar
and supernova neutrinos

The first hints that neutrino oscillations actually occur
were serendipitously obtained through early studies of so-
lar neutrinos [27–29] and neutrinos produced in the at-
mosphere by cosmic rays [34, 35]. More recently, nuclear
reactors and particle accelerators have constituted another
source of neutrinos utilized for accurate measurements
of flavor oscillation parameters and limits. Reactor neu-
trino experiments correspond essentially to an electron–
antineutrino ν̄e disappearance experiment where, generi-
cally speaking, one looks for the attenuation of the initial
neutrino flavor-eigenstate να beam in transit through a de-
tector, where the να is measured. In contrast to the detec-
tion of even a few wrong-flavor (νβ) neutrinos establishing
mixing in an appearance experiment, the disappearance of
a few right-flavor (να) neutrinos goes unobserved because
of statistical fluctuations [11]. For this reason, disappear-
ance experiments usually cannot establish small probabil-
ities (sin2 (2θ)� 1). Besides, they can fall into several sit-
uations [11] into which we do not intend to delve.
By following the purpose of a comparative phenomeno-

logical study, we take into account the experimental data
from the Palo Verde [25] and KamLAND [26] experi-
ments by means of which exclusion plots in the plane
∆m2× sin2 (2θ) can be elaborated. The Palo Verde ex-
periment [25] consists in a disappearance search for ν̄e
oscillations at 0.75–0.89 km distance from the Palo Verde
reactors. As a consequence of the experimental analy-
sis we assume the input parameter 〈P 〉 < 0.084 and the
averaged energy Ē set in the interval 3.5–4.2MeV. The
KamLAND collaboration [26] observes reactor ν̄e disap-
pearance at ∼ 180 km baseline for various Japanese nu-
clear power reactors. This is the lower limit on the mass
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Fig. 5. Relative corrections to the ∆m2 value (obtained
with the PW analysis) by assuming the WP treatments with
first- (WP1) and second-order (WP2) corrections in the en-
ergy expansion. We normalize the result by dividing ∆m2 by√

〈P 〉
b0 sin (2θ)

, where obviously 〈P 〉PW = 〈P 〉WP1 = 〈P 〉WP2 = 〈P 〉
is obtained from the experimental results. For instance, by fol-
lowing the WP treatment with second-order corrections, the
correction to the phenomenological parameter ∆m2 corres-
ponds to a diminution of approximately 10% of the ∆m2 PW
value when σ ≈ 0.342 (aĒ ≈ 3), 1% when σ ≈ 0.100 (aĒ ≈ 10),
and 0.1% when σ ≈ 0.032 (aĒ ≈ 30)

difference spread unlike all other disappearance experi-
ments [26] and the observation is consistent with neutrino
oscillations, with mass difference and mixing angle param-
eters in the large mixing angle solution region of the solar
neutrino problem. In this case, we assume the input pa-
rameter 〈P 〉 > 0.2 with the reactor ν̄e energy spectrum
smaller than 8MeV and an analysis threshold of 2.6MeV
where the experiment sensitive ∆m2 range is set down
to 10−5 eV2 [26]. The important point we attempt to ar-
rive at in Fig. 5 is the comparative modifications due to
second-order corrections, i.e. we are not setting extremely
accurate input (experimental) parameters, but we are set-
ting a more accurate procedure for obtaining the output
parameter (∆m2 and θ) ranges and limits.
The analysis of solar neutrino [27–32] measurements

involves considerable input from solar physics and the
nuclear physics involved in the extensive chain of reac-

tions that together are termed the “standard solar model”
(SSM) [33]. Since the predicted flux of solar neutrinos from
SSM is very well established [33] we know that the low en-
ergy p–p neutrinos are the most abundant and, since they
arise from reactions that are responsible for most of the en-
ergy output of the sun, the predicted flux of these neutrinos
is constrained very precisely (±2%) by the solar luminos-
ity. The same is not true for higher energy neutrinos for
which the flux is less certain due to uncertainties in the nu-
clear and solar physics required to compute them.
In fact, the true frontier for solar neutrino experiments

is the real-time, spectral measurement of the flux of neu-
trinos below 0.4MeV produced by p–p reactions. Meas-
urements of the p–p flux to an accuracy comparable to
the accuracy of the SSM calculation will significantly im-
prove the precision of the mixing angle [20, 21]. In add-
ition, if the total p–p flux is well known, measurement
of the active component can help constrain a possible
sterile admixture [11]. Therefore, an accurate phenomeno-
logical analysis for obtaining small modifications to the
oscillation parameters, as we have illustrated in Fig. 5,
can be really pertinent. In this context, the experimen-
tal challenge is to achieve a low background at low en-
ergy threshold. In particular, a number of projects and
proposals aiming to build p–p neutrino spectrometers are
discussed in [36], where it has been shown that a large
volume liquid organic scintillator detector with an en-
ergy resolution of 10 keV at 200 keV can be sensitive to
solar p–p neutrinos, if operated at the target radiopu-
rity levels for the Borexino detector, or the solar neu-
trino project of KamLAND [26]. In spite of the higher en-
ergy neutrinos being more accessible experimentally, the
corrections to the wave packet formalism can be physi-
cally relevant for p–p neutrinos with energy distributed
around an averaged value of Ē ≈ 10–100 keV. Following
some standard procedure [40] for calculating the neutrino
flux wave packet width a for p–p solar reactions, we obtain
a= 10−10–10−8m≡ 0.5–50 (keV)−1. Such an interval sets
a very particular range for the σ parameter comprised by
the interval 5×10−5–0.2 for Ē ≈ 0.01–0.4MeV which in-
troduces the possibility for WP second-order corrections
establishing some not ignoble modifications for the p–p
neutrino-oscillation parameter limits.
Turning back to the confront between the PW and the

WP formalism, once we had precise values for the input
parameters 〈P 〉, L0 and Ē, we could determine the effec-
tiveness of the first/second-order corrections in determin-
ing ∆m2 for any class of neutrino-oscillation experiment.
For instance, the flux of atmospheric neutrinos produced
by collisions of cosmic rays (which are mostly protons) with
the upper atmosphere is measured by experiments pre-
pared for observing νe↔ νµ and ν̄e↔ ν̄µ conversions. In
particular, SuperKamiokande [34] and MACRO [35] meas-
urements also work on the νµ↔ ντ conversion. The neu-
trino energies range about from 0.1 GeV to 100GeV which
constrains the relevance of WP effects to an wave packet
width a ∼ 10−12m. The accelerators experiments [37–39]
cover a higher variety of neutrino flavor conversions; where
the neutrino energy flux stays around 1–10 GeV, the limi-
tations to the wave packet width a (see Table 1) are anal-
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Table 1.Wave packet width a estimate for which the WP second-order corrections start to be relevant in obtaining an accurate
value of ∆m2. We have computed the a limit by assuming 10% (σ ∼ 0.342), 1% (σ ∼ 0.100) and 0.1% (σ ∼ 0.032) corrections to
the value computed with the PW approximation

ν class Process (abbr.) Ref. Ē (MeV) a1 (10
−12 m) a2 (10

−12 m) a3 (10
−12 m) aTheo. (m)

(10%) (1%) (0.1%) [40]

Reactor νe �→ νe [25, 26] ∼ 3 ∼ 0.2 ∼ 0.7 ∼ 2.1 ∼ 10−6

pp [33] ∼ 0.1 ∼ 6 ∼ 20.0 ∼ 63.2
7Be [33] ∼ 0.9 ∼ 1.5 ∼ 5.0 ∼ 15.8

Solar 13N, 15O, 17F [33] ∼ 1 ∼ 0.6 ∼ 2.0 ∼ 6.3 ∼ 10−9

(BP2000) pe−p [33] ∼ 1.4 ∼ 0.4 ∼ 1.4 ∼ 4.5
8B, hep [33] ∼ 10 ∼ 0.06 ∼ 0.2 ∼ 0.6

Atmospheric νµ→ νe,τ,s [27–29, 35] 102–105 6×10−3–10−6 2×10−2–10−5 6×10−2–10−5 –

Accelerator νµ(ν̄µ)→ νe(ν̄e) [38] 103–104 6×10−4–10−5 2×10−3–10−4 6×10−3–10−4 ∼ 1

Supernova – – ∼ 102 ∼ 6×10−3 ∼ 2×10−2 ∼ 6×10−2 ∼ 10−15

(estimative)

ogous, which makes the WP second-order corrections, as
a first analysis, completely irrelevant.
The most prominent contribution from the above dis-

cussion in determining the oscillation parameters and
limits can come with the analysis of supernova neutrinos
which, however, are not yet solidly established by the ex-
perimental data. Neutrinos from SN1987A in the Large
Magellanic Cloud were detected by Kamiokande and IMB
detectors – only 19 events. Nowadays, SuperKamiokande,
SNO, LVD, ICARUS, IceCube are expected to detect
events from the next galactic supernova and improve the
statistics, providing new information on neutrino prop-
erties and supernovae. The main problem in studying
neutrino oscillations from supernovae is the spectral and
temporal evolution of the neutrino burst. In a supernova,
the size of the wave packet is determined by the region
of production (plasma), due to a process known as pres-
sure broadening, which depends on the temperature, the
plasma density, the mean free path of the neutrino produc-
ing particle and its mean termal velocity [40]. Neutrinos
from a supernova core with 100MeV energy have a wave
packet size varying from∼ 5×10−16m to∼ 10−14mwhich
leads to a wave packet parameter aĒ comprised by the in-
terval 0.25–5 for which the second-order corrections can be
relevant if aĒ > 1. There also are 10MeV neutrinos, from
the neutrinosphere, with a wave packet size of approxi-
mately 10−12m with aĒ ≈ 50.
In Table 1 we summarize the results for the five well-

known neutrino sources: reactor, solar, atmospheric, accel-
erator and supernova. We compare the size of the wave
packet a determined by the region within which the pro-
duction process of a neutrino is effectively localized by the
physical process itself (for instance, from a cross section an-
alysis) with the limits below which the WP second-order
corrections set a more accurate value to the mass-squared
difference ∆m2. It allows us to establish where/when the
physical effects due to second-order corrections can eventu-
ally be expected.
The limits presented in Table 1 represent, for instance,

a diminution of 10%, 1% and 0.1% from the value com-

puted with the PW approach. However, a pertinent objec-
tion to the representativeness of such values can be stated:
it is important to observe that neutrino energy measure-
ments cannot be performed very precisely so that this pro-
duces an effect competing with that of the finite size of the
wave packet. If we set the energy uncertainty represented
by δE, the Heisenberg uncertainty relation states that
δEa ∼ 1 and, consequently, our approximation hypothe-
sis leads to δE

Ē
∼ 1
aĒ
� 1. Realistically speaking, a typical

neutrino-oscillation experiment searches for flavor conver-
sions by means of an apparatus which, apart from the
details inherent to the physical process, provides an indi-
rect measurement of the neutrino energy (in each event)
accompanied by an experimental error ∆Eexp due to the

“detector resolution”. In case of
∆Eexp
Ē
< δE
Ē
∼ 1
aĒ
the ef-

fective role of the second-order corrections illustrated in
this analysis can be relevant. On the contrary, ∆Eexp > δE
demands for an averaged energy integration where the de-
coherence effect through imperfect neutrino energy meas-
urements by far dominates. In a quantitative analytical
analysis, this problem could be overcome by performing
an analytical energy integration which, in general, is not
possible. In the present context, the current experimental
values/measurements set some limitations to the applica-
bility of our analysis by restricting it to the 7Be and pe−p
lines for solar neutrinos for which the energy flux is pre-

cisely defined
(∆Eexp

Ē
� 1
)
and, eventually, to some (next

generation) reactor experiment and, certainly, to super-
nova neutrinos.
As an additional remark, without comprehending the

exact theoretical procedure as coupled to the experimen-
tal procedure for determining the wave packet widths for
a certain type of neutrino flux, we cannot arbitrarily as-
sume, apart from the obvious criticisms to the PW ap-
proach, the modifications introduced by theWP treatment
(particularly with second-order corrections) are irrelevant
in the confrontation with a generic class of neutrino experi-
mental data. Finally, from the phenomenological point of
view, the general arguments presented in [11] continue to
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be valid, i.e. the above discussion has so far been limited to
vacuum oscillations, where the mixing probabilities are de-
scribed in terms of the mixing angle. In the solar neutrino
case it is likely that interactions between the neutrinos and
solar electrons affect the oscillation probability [41–44].

5 Conclusion

We have reported on the intermediate WP prescription
in the context of neutrino flavor oscillations from which,
under the particular assumption of a sharply peaked mo-
mentum distribution which sets an analytical approxima-
tion of order O((aĒ)−3), we have re-obtained an explicit
expression for the flavor conversion formula for the (U)R
and NR propagation regimes. By concentrating our argu-
ments on quantifying the second-order effects of such an
approximation, we have observed that the existence of an
additional time-dependent phase in the oscillating term of
the flavor conversion formula and the modified spreading
effect can represent someminor but accurate modifications
to the (ultra-) relativistic oscillation probability formula
which leads to important corrections to the phenomenolog-
ical analysis for obtaining the neutrino-oscillation parame-
ter and limits.
In particular, we have quantified such effects for de-

termining the corrections to the ∆m2× sin2 (2θ) curve for
two reactor experiments [25, 26]. The oscillation parameter
range deviation from the PW values depends effectively on
the product between the wave packet width a and the av-
eraged energy flux Ē which characterizes the detection pro-
cess. The importance of the second-order corrections which
come from the WP construction can also be relevant in the
framework of three-neutrino mixing. It is generally consid-
ered that the next question which can be approached ex-
perimentally is that of e3 mixing. A consequence of a non-
zero Ue3 matrix element will be a small appearance of νe in
a beam of νµ: for the particular case where ∆m

2
12�∆m

2
23

(experimental data), and for Ēν ∼ L∆m223, ignoring mat-
ter effects, we can find [40]

P (νµ→ νe;L) = sin
2 (2θ13) sin

2 (θ23) sin
2

[
∆m223L

4Ē

]
.

(28)

This expression illustrates that θ13 manifests itself in the
amplitude of an oscillation with 2-3 like parameters. By as-
suming an intermediate wave packet analysis, fine-tuning
corrections can eventually be relevant.
Experimentally, since the modulation may be parts per

thousand or smaller, one needs both good statistics and
low background data. For instance the KamLAND ex-
periment will significantly reduce the allowed region for
∆m212 and sin (2θ12) relative to the present results, where
the second-order wave packet corrections can appear as
an additional ingredient for accurately applying the phe-
nomenological analysis. At the same time, the next major
goal for the reactor neutrino program will be to attempt
a measurement of sin2 (2θ13). It can be shown that the

reactor experiments have the potential to determine θ13
without ambiguity from CP violation or matter effects (by
assuming the necessary statistical precision which requires
a large reactor power and large detector size).With reason-
able systematic errors (< 1%) the sensitivity is supposed
to reach about sin2 (2θ13)≈ 0.01–0.02 [3] and an accurate
method of analysis, maybe in the wave packet framework,
can be required.
Turning back to the foundations for applying the inter-

mediate wave packet formalism in the neutrino-oscillation
problem, we know of the necessity that a more sophisti-
cated approach is required. It can involve a field-theoretical
treatment. Derivations of the oscillation formula resorting
to field-theoretical methods are not very popular. They
are thought to be very complicated and the existing quan-
tum field computations of the oscillation formula do not
agree in all respects [4]. The Blasone and Vitiello (BV)
model [8, 10] to neutrino/particle mixing and oscillations
seems to be the most distinguished in trying to reach this
aim. These authors have attempted to define a Fock space
of weak-eigenstates to derive a non-perturbative oscillation
formula. Also with Dirac wave packets, the flavor conver-
sion formula can be reproduced [45] with the same mathe-
matical structure as those obtained in the BVmodel [8, 10].
In fact, both frameworks deserve a more careful investiga-
tion since the numerous conceptual difficulties hidden in
the quantum oscillation phenomena still represent an in-
triguing challenge for physicists.
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